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This paper concerns the use of measurable selection techniques to obtain some 
measurable extension theorems. 
1. INTRODUCTION 
Hans 151 proved a stochastic version of Tietze’s extension theorem. He 
accomplished this by essentially following the construction given in the 
deterministic version of the theorem. 
The subject of measurable selection theory has undergone considerable 
development in the past decade (see [lo] for a comprehensive survey). The 
extension of deterministic theorems to their probabilistic analogues has been 
greatly facilitated by this recent development (see, e.g., [ 1 ] and [ 81). 
The present paper concerns the use of measurable selection techniques to 
obtain various measurable extension theorems. First, in Section 3, we prove a 
Dugundji extension theorem for random functions. In case the domain space 
is locally compact, this provides a new proof of Han? theorem; indeed, our 
methods yield a stronger result. By randomizing the closed set over which an 
extension is sought, further generalizations are achieved. This material and a 
measurable Hahn-Banach theorem are presented in Section 4. 
* While the first author was at the University of Prince Edward Island he was supported in 
part by the Natural Sciences and Engineering Research Council of Canada. The second 
author was supported in part by the National Science Foundation of the U.S.A. 
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2. TERMINOLOGY AND SELECTION THEOREMS 
If (Q, 07) and (2, ,S) are two measurable spaces and X is an arbitrary 
non-empty set, then a mapping f: fl X X- 2 is a random function if and 
only if the functionf(., x) is measurable for each x in X. In our applications 
Z is a metric space and, in this case, we choose the u-algebra .9 as the class 
of all Boral subsets of Z. 
If X is a metric space, (q(X), H) is the space of compact non-empty 
subsets of X with the Hausdorff metric. 
A relation F: Q + X is a subset of Q X X. Alternatively, F may be 
regarded as a function from 0 to the set of all subsets of X. When we want 
to emphasize the properties of F as a subset of Q x X, we will refer to its 
graph Gr(F) rather than F. If domain(F) = 0, then F is called a multi- 
function from 0 to X. For B c X, F-‘(B) = (o E R: F(w) n B # 0}. 
If (Q, (7) is a measurable space and X is a topological space, a relation 
F: f2 + X is weakly measurable (measurable) if and only if F-‘(B) E (7’ for 
every open (closed) subset B of X. An excellent source for measurability 
properties of relations is 161. While we often make use of this source we do 
not necessarily mean to imply that the referred to result originated with 
Himmelberg. We will often be concerned with relations having closed values. 
In this case the following theorem is useful (for a proof see 16. 
Theorem 3.21). 
THEOREM 1. (i) Let X be a separable metric space and F: f2 + X a 
relation with closed values. Then measurability of F implies weak 
measurability of F. 
(ii) If, in (i), X is also o-compact, then the two measurability concepts 
are equivalent. 
A function8 D + X is a selector for a multi-function F: R + X if and only 
if f (0) E F(w) for all w in L?. If X and Y are topological spaces, we say 
f: Q x X-, Y is a Caratheodory map if f (0, .) is continuous for w E Q and 
f (., x) is measurable for x E X. 
A topological space X is Polish if X is separable and is metrizable by a 
complete metric; X is Souslin if it is metrizable and the continuous image of 
a Polish space. The definition of Souslin space given here is according to [ 2 1. 
Currently, many authors do not require metrizability in the definition of 
Souslin space. We are advised that this is the case in a new edition of 
Bourbaki’s General Topology. A locally convex metrizable complete 
topological linear space is called a Frechet space. For a subset S of a linear 
space X we use co(S) to denote the convex hull of S and co(S) to denote the 
closed convex hull of S. 
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In proving our main result (Theorem 4), we use the following two 
selection theorems (proofs of which may be found in 16, Theorems 5.7 
and 5.61). 
THEOREM 2. If R is a o-finite measure space, X a Souslin space, and 
F: Q + X is a multi-function with measurable graph, then there is a 
measurable function f: Q + X such that f (w) E F(w) a.e. 
THEOREM 3. Let X be a separable metric space and let F: R +X be a 
multtfunction with complete values. Then F is weakly measurable tf and only 
tf there exists a countable family U of measurable selectors for F such that 
F(w) = U(w) for all w E Q (note: U(w) = {u(u): u E U)). 
3. A MEASURABLE DUGUNDJI EXTENSION THEOREM 
Our main result is 
THEOREM 4. Let (J2,67, p) be a a-finite measure space, X a locally 
compact separable metric space, A a closed subset of X, L a separable 
Frechet space and f: 52 x A -+ L a random function such that for every fixed 
w in Q, f(o, a) is continuous. Then there exists a random function 
@: Q x X + L satisfying 
(a) @(co, .) continuous for all 0 in 0, 
(b) @(co, .) IA =f (w, .) a.e., and 
(c) @(co, X) c cO(f (w, A)) a.e. 
Proof Denote by C(X, L) the space of continuous functions from X to L 
with the compact-open topology. It is well known (see, e.g., [ 7, Section 441) 
that C(X, L) is a complete separable metric space and that convergence in 
C(X, L) is equivalent to uniform convergence on compact subsets of X. 
Define a relation F: Q + C(X, L) by F(w) = { g E C(X, L): g IA = f (co, .) 
and g(X) c EY(f (w, A))}. Suppose we have shown that F is a multi-function 
with measurable graph. Then by Theorem 2 there is a measurable function 
(D: a-+ C(X, L) such that p(w) E F(o) a.e. Define @: Q xX--+ L by 
@(u, x) = cp(o)(x). Then it is easily seen that @ is a random function which 
satisfies (a), (b), and (c) of the theorem. 
We need to show that F is a multi-function with measurable graph. That F 
is a multi-function, i.e., domain(F) = R, follows from Dugundji’s extension 
theorem [3]. 
Define the following subsets of B X C(X, L): U = {(co, g): g IA = f (w, .)) 
and V= {(o.r,g):g(X)cSY(f(w,A))}. Then Gr(F)= Un V. 
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(1) U is measurable. 
Let D be a countable dense subset of A. Since A is closed 
u = n {(w 8): g(x) =f(w x)1. 
XED 
Fix x in D. Point evaluation, g + g(x), defined on C(X, L) with range in L, is 
continuous and hence measurable. Thus, the map T, : Q X C(X, L) + L given 
by T,(w, g) = g(x) is measurable. Similarly, since o +f(m, x) is measurable, 
the map T,: J2 X C(X, L) --t L given by T2(m,g) =f(w, x) is measurable. 
Since T = T, - T, is measurable and ((w, g): g(x) =f(w, x)} = Tp ‘(O), it 
follows that the set U is measurable. 
(2) V is measurable. 
Now let D be a countable dense set in X. Then 
Jf= n ((u,g):g(x)Eco(f(u,A))J. 
XED 
Fix x in D and consider the mapping /3,: R X C(X, L) -+ [0, co), given by 
Px(w s> = 4 g(x), =(f(w A >I>, where d is the metric in L. Then 
i (Q4 g>: g(x) E Wf(w A >> 1= P, ‘(0). 
We show that /I, is measurable. It is sufficient to show that p, is a 
Caratheodory map (see, e.g., Theorem 6.1 of [ 61). 
For w in Q we consider /3,.(0, =). Suppose { g,} is a sequence in C(X, L) 
with g, + g. Then g,(x) + g(x) and the continuity of d(., co (f(w, A))) yields 
/3,(w, g,J + p,(w, g). Thus, p,(w, a) is continuous. 
By f we shall mean the multi-function given by fiw) =f(w, A). If B is an 
open subset of L and E is a countable dense subset of A, then 
(wEQ:f(w)nB#0}= {~ER:f(w,A)nB#IZl} 
= u {wER:f(o,x)EB}. 
XEE 
Therefore the weak measurability of the multi-function? 52 + L follows from 
the measurability of the functions f(., x), x E E. 
By Theorem 3 there exists a countable family S = (s,, s,,...) of 
measurable selectors for f such that 
) = S(o), for all w in Q. J’<QJ 
Consider the set 
w= 2 ;l,pi 
I i=l 
: n E N,Airational,Ai> 0, c Ai= 1 
i=l I 
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Then W is countable and each member of W is a measurable selector for the 
multi-function co (f(.)): R - L. Also, 
-- 
w(o> = co(S(w)) = co (S(w)) = co(f(w)). 
Again appling Theorem 3 we conclude that E?(f(.)) is weakly measurable. 
Since @Y(f(.)) = EE(f(., A)), E(f(., A)): ~2 + L is weakly measurable. 
Finally, fix g E C(X, L). If 1< 0, then 
(WEa:p,(w,g)<;l)=0. 
If 1 > 0, 
{OEn:p,(o,g)<~}=(((,E~:d(g(x),co(f(w,A)))<~} 
= {WEa:co(f(w,A))nB+0), 
where B is the open ball in L with center g(x) and radius 1. It follows that 
/I,( a, g) is measurable. 
So we have that /I, is measurable and therefore 
If= n P.;‘(O) is measurable. 
XEE 
This completes the proof that Gr(F) is measurable and hence the theorem 
is proved. 
Note that Theorem 1 in [5] does not follow from our Theorem 4 since 
HanI does not assume X locally compact. However, in the local compact 
case our theorem strengthens his in two ways: the first is that Hang has L 
equal to the real line, the second is that he assumes the functionsf(w, .) are 
bounded by a real-valued random variable s(w). 
Our application of Theorem 2 in the above proof requires that C(X, L) be 
Souslin. If we weaken the assumption “X locally compact separable metric” 
to “X u-compact separable metric,” then C(X, L) isnot necessarily Souslin. 
For example, if Q is the space of rational numbers and I is the closed unit 
interval in R, then C(Q, Z) is not Souslin since it is not separable. 
4. GENERALIZATIONS OF THEOREM 4 
In Theorem 4 the closed set A was fixed. In this section we relax this 
condition by allowing A to depend on w. 
We shall need the notion of a generalized random function, which we now 
define. Let X be a T,-topological space, and P: a--) X a weakly measurable 
relation. A function J Gr(P) -+ Z is called a generalized random function if 
for each x E X, f(., x), a mapping from P-‘(x) into 2, is measurable. 
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THEOREM 5. Let (Q, @,,u) be a a-finite measure space, X a locallWy 
compact separable metric space, L a separable Frechet space, and A: Q +X 
a closed-valued weakly measurable multi-function with / A(O)1 < K,, . 
Suppose that f: Gr(A) -+ L is a generalized random function with 
f (w, .) E C(A(w), L) for each w in Q. Then there exists a random function 
Cp: R x X + L such that 
(a) @(w, .) E C(X, L) for each w in a, 
(b) @(w, .) lacwj =f(w .> ax., ad 
(c) @(co, X) c E(f (w, A(w))) a.e. 
Proof As the proof is a straightforward application of Theorem 4, we 
outline the proof, omitting many details. 
Enumerate A(Q), A(O) =(A,, A, ,... ), and define LJi = (w E R: A(w) = A,j} 
for j = I, 2,... . By Theorem 1, A is measurable and hence the Q,,s form a 
measurable partition of R. 
If fj is f restricted to Gr(A) f7 (.Rj x X), then J; : Q,i x Aj + L is a random 
function. By Theorem 4, there exists a random function Qj: fi,i x X + L 
satisfying (a), (b), and (c) of its conclusion. 
One easily verifies that the function @, defined for (cc), x) E fi x X, by 
@(w, x) = Qj(w. x) for (w, x) E Q,i x X (j = 1, 2,...) satisfies the conclusion 
of Theorem 5. 
In Theorem 5, if A has compact values and if each f (w, .) can be extended 
to be continuous in a neighborhood of A(o), then the countability condition 
on A(B) can be dropped. More precisely, we have 
THEOREM 6. Let (Q, M, ,u) be a a-Jinite measure space, X a 1ocall.v 
compact separable metric space, and L a separable Frechet space. Suppose 
we are given the following: 
(a) A: 0 +X a weakly measurable compact-valued multi-function and 
J: Q + X a weakly measurable closed-valued multi-function such that 
A(o) c G(w) for all w in Q; where G(o) = X\J(w), o E R. 
(b) f: Gr(A) -t L a generalized random function satisfying 
(b,) f(o, .) E C(G(o), L) for each o in 0. 
Then there exists a random function @: B x X --) L such that 
(c) @(co, .) E C(X, L) for all 0 in 0, 
(4 @(w +) lAcwj =f (0, -1 a.e., and 
(e) @(co, X) c cO(f (w, G(w))) a.e. 
Proof Both A and J are measurable by Theorem 1, and G is measurable 
by [6, Theorem 4.41. 
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For x in X and r > 0, we will use d(x, r) to denote the open ball in X with 
center x and radius r. 
For each finite subset F of X and each rl > 0 set A,.,, = Uxefi-A(x9 V) and 
define : 
A F,tl = O,,F {u E 0: 4x, r>nA(o) f 01, 
B,,, = {co E R: d,,, f-‘J(w) # 0}, 
c F,n = (U E 0: (X\A,,,) n A(w) f 01, and 
EF,,, =~,.,\PF..,” CF.,). 
The measurability of the above sets follows immediately from the 
measurability of A and J. 
Observe that if cc) E E,,,, then 
G(w) 7> &,.,, = A,;,, 1 A(w). (1) 
Let D be a countable dense subset of X. One easily shows that the family 
.P- of all non-empty finite subsets of D is a countable dense set in q(X). 
Denote by Q+ the set of all positive rational numbers. 
Suppose that w E R. Since d(A(w), J(w)) > 0, there exists F, E .lii and 
q0 E Q+ such that 
fW, , A (~1) < d 44 (01, J(w)) < vo < 4 44 (~1, J(w)). (2) 
From (2) it follows that o E E,.o,,o. We have established that Q = U EF,,, 
where the union is taken over all FE .F and all 7 E Q+. The family 
(E,,, : FE -F, v E Q+ } is countable. Let {EL.,,} be a measurable partition of 
fl with EL-,, c E,.,, for each FE .P- and 11 E Qt. 
Fix FE.T and VE Qt. By f,;., we will mean the function f restricted_ to 
Gr(G) n (EL.,, X X). It follows from (1) that G-‘(x) 3 EL,, for all x in A,,, 
and therefore f,,,(., x): EL.,, -+ L is measurable for all x in d,.., . Thus 
f,,, : EL.,, x Jfi.d + L is a random function. Conditions (b,) and (1) imply 
fF,rl(o, .) E C(Ad,,,, L), for all o in EL.,,. Therefore, there exists a random 
function @F,r) :E’,,, x X--f L satisfying the conclusion of Theorem 4. 
Routine verifications show that the function 0, defined for (0, x) E a X X, 
by 
@(UT x) = @F,JW x) for (w,x)EE;.,xX(FE.~~,~]EQ’) 
% 
is a random function satisfying (c), (d), and (e) of the theorem. 
In Section 4 of [S], Hans proves a probabilistic Hahn-Banach theorem. 
As a final illustration of measurable selection techniques we briefly sketch a 
proof of this result. 
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THEOREM 7 [5]. Let Q be a a-finite measure space. If M is a linear 
subspace of a separable real normed linear space X and tff is a random 
bounded linear functional defined on 0 x M (i.e., f (u, .) is a bounded linear 
functional for each w in a), then there exists a random bounded linear 
functional @ on 0 x X such that for almost all w in 8: 
(a) @(w .) I,,, =f (w *I and 
(b) II @Cm, .>I1 = II f(w .>II. 
Proof: Without loss of generality we may assume ]] f (0, .)]I = 1 for all w 
in R. If the dual space X*, of X, is given the weak* topology, then the 
closed unit ball, S*, in X* is compact and metrizable (see 14, V.4.2 and 
V.5.11) and thus S* is a complete separable metric space. 
It is not difficult to see that the graph of the multi-function F: Sz + S*, 
given by F(o) = {g E S*: g I&, =f(w, .) and ]] g]] = l}, is measurable. An 
application of Theorem 2 leads directly to a random bounded linear 
functional @ satisfying (a) and (b) of the theorem. 
In Theorems 2, 4, 5, 6, and 7 the hypothesis B is a u-finite measure space 
can be replaced by the hypothesis (0, G!) is a complete measurable space; in 
these cases the conclusions hold everywhere on a. These results follow from 
a theorem of [9]. Let (0, 0’) be a measurable space. A subset A of 0 is 
universally measurable if A is p-measurable for any bounded positive 
measure ,tt on fl. The completed a-field C? of 0 is the u-field of subsets of Q 
which are universally measurable with respect to c;T. The o-field M is (univer- 
sally) complete if M = c’?‘. Note that if (Q, U, p) is a given measure space and 
if flu is the a-field of all p-measurable subsets of .R, then (Q, fl,) is com- 
plete. 
THEOREM 8 [ 9, Theorem 31. Let (Q, G’) be a complete measurable 
space, (X,x) a Souslin space with its Bore1 a-field, and F: Q +X a multi- 
function with measurable graph. Then there exists a measurable function 
f: Q + X such that f (w) E F(o). 
Note that Sainte-Beuve requires only Hausdorff in the definition of Souslin 
space. Also note that Theorem 2 follows from Theorem 8. For if (Q, O’, ,u) is 
a u-finite measure space and f an U, measurable function, then there exists a 
function g which is fl measurable and g = f a.e. 
As is the case in [5] separability plays a central role throughout this 
paper. Hans raises the question of the validity of his theorems in the non- 
separable case. We remark that for X non-separable, at the present time there 
seems to be little hope of achieving positive results with methods similar to 
those used in this paper. The reason being that, to date, a measurable 
selection theory for multi-functions with values in non-separable spaces 
remains undeveloped. 
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